INTRODUCTION
Various mathematical models for problems in nonlinear elasticity, nonlinear optics, solid mechanics, etc. are derived from second order Lagrangian principles, i.e. the differential equations are obtained as the fixed points of iterates of this map. In many situations the return map is an analogue of a monotone area-preserving Twist map (see e.g. [3, 7, 9] ). The theory developed in this paper will be centered around this property. Lagrangian systems that allow such Twist maps will be referred to as Twist systems. This paper will be concerned with the basic properties of Twist systems and the study of simple closed trajectories. These are periodic trajectories that, when represented in the´Ù Ù ¼ µ-plane (configuration plane of a Lagrangian system), are simple closed curves. In [13] we will investigate more elaborate types of trajectories via a Morse type theory. One of the main results of this paper is the following. 
where
If there is no ambiguity about the choice of we simply write Ë´Ù ½ Ù ¾ µ.
At this point it is not clear whether Ë is defined on all of Á ¢ Á Ò¡.
The Ù-laps from Ù ½ to Ù ¾ that minimize Ê´Ä · µ are the analogues of broken geodesics. Our goal now is to formulate a variational problem in terms of the Ù -coordinates of bounded trajectories replacing the 'full' variational problem for Â Ù℄. This will be a direct analogue of the method of broken geodesics.
There is an equivalent formulation of the variational problem above. In view of this we consider the Using Hypothesis (T) we can derive the following regularity properties for Ë. At this point we are not able to prove that the Twist property holds for more general systems without assuming (a) and (b). However, numerical experiments for various Lagrangians suggest that Lemma 7 is still valid, although we do not have a proof of this fact (see Section 3.4). The conditions given in Lemma 7 already allow for a large variety of Lagrangians that occur in various physical models. We will give a few examples of such systems now:
The eFK/Swift-Hohenberg Lagrangian: Ä´Ù Ù ¼ Ù ¼¼ µ ½ ¾ Ù ¼¼ ¾ · « ¾ Ù ¼ ¾ · ´Ùµ, where « ¾ Ê and is a smooth potential function (see [6, 8, 4, 11] where various potentials ´Ùµ are discussed). Lemma 7 applies to the case « ¼ (the Swift-Hohenberg case). The fifth order KdV equation: Ä´Ù Ù ¼ Ù ¼¼ µ ½ ¾ Ù ¼¼ ¾ · Ã´Ù Ù ¼ µ, Ã´Ù Ù ¼ µ ½ ¾´« · ¾ Ùµ Ù ¼ ¾ · ´Ùµ, with ´Ùµ ¿ Ù ¿ · ¾ Ù ¾ , which describes a fifth order Korteweg-deVries equation (see e.g. [10] If is a singular energy level then we need to introduce the notion of closed trajectory in the broad sense of the word: a simple closed periodic orbit, a simple homoclinic loop, or a simple heteroclinic loop. We obtain the following theorem.
Theorem 9.
Assume that Ù AE has a compact interval component Á then´Ä Øµ has at least one simple closed trajectory in the broad sense.
Concatenation of interval components.
Up to this point we have only considered single interval components Á . When is a singular value then two interval components Á ½ and Á ¾ may have a common boundary point. This boundary point is then necessarily a critical point. The concatenation of the interval components Á , ½ ¾, will be denoted by Á , and the critical point in Á ½ Á ¾ is denoted by Ù £ .
If´Ä Øµ is a Twist system on both interval components Á ½ and Á ¾ it does does not necessarily mean that Ä Øµ is a Twist system on the concatenated interval Á . However if´Ä Øµ is Twist system on Á more solutions can be found. In order to study this case we will use the gradient flow of Ï ¾ : Ù ¼ ÖÏ ¾´Ù½ Ù ¾ µ (see e.g. [1] ).
As before we can restrict our analysis to · . Define · ½ ´Ù ½ Ù ¾ µ ¾ Á ½ ¢ Á ½ Ù ¾ Ù ½ , · ¾ ´Ù ½ Ù ¾ µ ¾ Á ¾ ¢ Á ¾ Ù ¾ Ù ½ , and · ¿ Á ½ ¢ Á ¾ Ò´Ù £ Ù £ µ. On the domains · ½ and · ¾ one can again apply Theorem 9 which yields the existence of maxima on each of these components. Note that this is independent of the type of Ù £ (spectrum ´Ù £ µ). The following theorem will crucially use the fact that Ù £ is a critical point for which ´Ù £ µ Ò Ê Ê , i.e. a saddle-focus. 3.5. Braids. Until now we have been looking for critical points of Ï ¾ . The next step is to find critical points of Ï ¾Ò . By repeating a critical point of Ï ¾ Ò times one obtains a critical point of Ï ¾Ò . Our objective is to investigate the existence of other types of critical points of Ï ¾Ò . This is the subject of ongoing research [13] . Let us give one example. We consider the Swift-Hohenberg equation at ¼, and we seek critical points of Ï . The constant solutions Ù ¦½ give rise to various isolating neighborhoods for Ù ¼ ÖÏ , which can be characterized via piecewise-linear braids. In Figure 5 we have depicted one specific braid-type for which a critical point exists.
